We show that a digital sphere, constructed by the circular sweep of a digital semicircle (generatrix) around its diameter, consists of some holes (absentee-voxels), which appear on its spherical surface of revolution. This incompleteness calls for a proper characterization of the absentee-voxels whose restoration will yield a complete spherical surface without any holes. In this paper, we present a characterization of such absentee-voxels using certain techniques of digital geometry and show that their count varies quadratically with the radius of the semicircular generatrix. Next, we design an algorithm to fill these absentee-voxels so as to generate a spherical surface of revolution, which is more realistic from the viewpoint of visual perception. We further show that covering a solid sphere by a set of complete spheres also results in an asymptotically larger count of absentees, which is cubic in the radius of the sphere. The characterization and generation of complete solid spheres without any holes can also be accomplished in a similar fashion. We furnish test results to substantiate our theoretical findings.
Introduction
Over the last two decades, the studies on geometric primitives in 2D and 3D digital space have gained much momentum because of their numerous applications in computer graphics, image processing, and computer vision. Apart from the characterization of straight lines and planes [7, 9, 10, 17, 18, 23, 28, 32, 48] , several theoretical work, mostly on digital spheres and hyperspheres, have appeared in the literature. A majority of them in 3D digital space are based on the extension of similar investigations on the characterization and generation of circles, rings, discs, and circular arcs in the 2D digital plane [1, 2, 16, 19, 20, 29, 41, 43, 45, 49] . For various problems in science and engineering, discrete spheres are often required for simulation of experiments. For example, in [21, 50] , discrete spheres are used to test the accuracy of the discrete dipole approximation (DDA) for computing scattering and absorption by isolated, homogeneous spheres, as well as by targets consisting of two contiguous spheres. Hence, with the emergence of new paradigms, such as digital calculus [42] , digital geometry [33] , theory of words and numbers [34, 39] , an appropriate characterization of a digital sphere is required to enrich our understanding of objects in 3D discrete space.
In this work, we address the problem of constructing a closed digital surface defined by a set of points in Z 3 such that they optimally approximate a real sphere with integer radius. Some prior work closely resemble our work, but they deal with spheres with a real value of radius. For example, there is a multitude of papers in the literature, which discuss how to find the lattice points on or inside a real sphere of a given radius [8, 30, 14, 13, 27, 38, 22, 47] . Some of them addresses the problem of finding a real sphere that passes through a given set of lattice points [37] . They are closely related to the determination of lattice points on circles [11, 31] , ellipsoids [15, 35] , or on several types of surfaces of revolution [12] .
For hypersphere generation, characterization of a discrete analytical hypersphere has been done in [2] to develop an algorithm, which is an extension of the algorithm for generating discrete analytical circles. The algorithm is, however, quite expensive owing to complex operations in the real space. An extension of the idea used in [2] has been done in [24] based on a non-constant thickness function [25] , but no algorithm for generation of a digital sphere or hypersphere has been proposed. Recently, analytical descriptions of various classes of digital circles, spheres, and some cases of hyperspheres in a morphological framework have been proposed in [46] . Very recently, the notion of discrete spherical geodesic path between two voxels lying on a discrete sphere has been introduced in [6] , and a number-theoretic algorithm has been proposed for construction of such paths in optimal time.
In [40] , an algorithm for digitization of a real sphere with integer radius has been proposed. It constructs the sphere as a sequence of contiguous digital circles by using Bresenham's circle drawing algorithm. Such an approach fails to ensure the completeness of the generated digital sphere, since it gives rise to absentee (missing) voxels, as shown in this paper. The digital sphere generated by our algorithm, on the contrary, does not have any absentee-voxel, since it fixes these absentees based on a digital-geometric characterization.
The work proposed in this paper aims to locate and fill the absentee-voxels (3D points with integer coordinates) on a digital spherical surface of revolution. Covering such a surface by coaxial digital circles (with integer radius and integer center) in Z 3 cannot produce the desired completeness of the surface owing to absentee-voxels. Interestingly, the occurrence of absentees in such a cover is possibly a lesser fact. The greater fact is that the absentees occur in multitude-an observation that motivates the requirement of their proper characterization, which subsequently aids in designing a proven algorithm to generate a complete spherical surface in Z 3 . We have organized the rest of the paper as follows. In Sec. 2, we introduce few definitions and important properties related with digital circles, digital discs, and digital spheres considered in our work. In Sec. 3, we derive the necessary and sufficient condition for a voxel to be an absentee in a sphere of revolution. We also prove that the absentee count while covering a digital sphere of radius r by coaxial digital circles-generated by the circular sweep of a digitally circular arc of radius r (digital generatrix)-varies quadratically with r. In Sec. 3.1, we characterize the absentee family, and use it in Sec. 3.2 for fixing the absentees in our proposed algorithm for generating a complete (i.e., absentee-free) sphere of revolution. In Sec. 4, we discuss further about the absentees in covering a solid sphere by union of complete spheres. We show here that these absentees are of two kinds: absentee lines and absentee circles. We derive their characterization in Sec. 4.1. We use this characterization in Sec. 4.2 to show that the absentee counts corresponding to absentee lines and absentee circles are Θ(r 5/2 ) and Θ(r 3 ) respectively. The algorithm for fixing these absentees while generating a complete solid sphere is given in Sec. 4.3. Finally, in Sec. 5, we present some test results to substantiate our theoretical findings.
Preliminaries
There exist several definitions of digital circles (and discs, spheres, etc.) in the literature, depending on whether the radius and the center coordinates are real or integer values. Irrespective of these definitions, a digital circle (sphere) is essentially a set of points with integer coordinates, which are called digital points or pixels (voxels) [33] . In this paper, we consider the grid intersection digitization [33, 44] of a real circle with integer radius and having center with integer coordinates. Such a digitization produces a digital circle, which can be generated by the wellknown midpoint circle algorithm or the Bresenham circle algorithm [26] , and its definition is as follows.
Definition 1 (Digital circle).
A digital circle with radius r ∈ Z + and center o(0, 0) is given by
The points in C Z (r) are connected in 8-neighborhood. The points defining its interior are connected in 4-neighborhood, and hence separated by C Z (r) from its exterior points, which are also connected in 4-neighborhood [33] .
All the results in this paper are valid for any non-negative integer radius and any center with integer coordinates. So, for sake of simplicity, henceforth we consider the center as o and use the notation C Z (r) instead of C Z (o, r), where r ∈ Z + ∪ {0}. We specify it explicitly when the center is not o.
A real point or a pixel (x, y) is said to be lying in Octant 1 if and only if 0 x y (Figure 1(a) ). We use the notation C Definition 2 (Digital disc). A digital disc of radius r consists of all digital points in C Z (r) and its interior, and is given by
Note that in Def. 2, the condition 0 ≤ i · i c ≤ i is not identical with the digital disc of radius r. The set D Z ∪ (r) contains absentee-pixels, as defined below.
Definition 3 (Disc absentee).
A pixel p is a disc absentee if and only if there exists some r ∈ {1, 2, . . . , r} such that p is a point in the interior of C Z (r ) and in the exterior of C Z (r − 1).
The above definition implies that if p is any disc absentee, then p does not belong to any digital circle, i.e., p ∈ D Z (r) and p ∈ D Z ∪ (r). Hence, the set of disc absentees is given by
The above definition of disc absentee is used in the following definitions related to spherical surfaces of revolution in Z 3 . However, henceforth we do not use the term "of revolution" for sake of simplicity. We also drop the term "digital" from any digital surface in Z 3 . Let C Z 1,2 (r) denote the first quadrant (comprising the first and the second octants) of C Z (r), which is used as the generatrix. When we rotate C 
Definition 4 (Sphere absentee).
A voxel p is a sphere absentee lying on the plane y = j if and only if there exist two consecutive points (i, j) and
On inclusion of the sphere absentees (lying above zx-plane) with H Z ∪ (r), we get the complete hemisphere, namely H Z (r). On taking H Z ∪ (r) and its reflection on zx-plane, we get the sphere, namely S Z ∪ (r). Similarly, the union of H Z (r) and its reflection on zx-plane gives the complete sphere in Z 3 . Let A Z 3 (r) be the set of sphere absentees. The number of points in A Z 3 (r) is double the absentee count in H Z ∪ (r). We have the following definitions on spheres and their absentees.
Definition 5 (Complete sphere). A complete (hollow) sphere of radius r is given by
Definition 6 (Complete solid sphere). A complete solid sphere S Z (r) of radius r is given by the union of S Z (r) and voxels lying inside S Z (r).
Definition 7 (Solid sphere absentee).
A voxel p is a solid sphere absentee if and only if p ∈
Previous Results
We need the following results from [4] to count and fix the absentees in the surface of revolution.
Theorem 1. The total count of disc absentees lying in
and m r = r − r/ √ 2 + 1.
Absentees in a Digital Sphere
As mentioned earlier in Sec. 2, the hemisphere and the sphere have absentee-voxels, which can be characterized based on their unique correspondence with the absentee-pixels of D Z ∪ (r). To establish this correspondence, we consider two consecutive pixels p i (x i , y i ) and p i+1 (x i+1 , y i+1 ) of the generating curve C Z 1,2 (r) corresponding to H Z ∪ (r). We have three possible cases as follows. For Case 1, we get two concentric circles of radii differing by unity and lying on the same plane; the radii of the circles corresponding to p i and p i+1 are x i and (x i+1 =)x i + 1. Hence, for Case 1, the absentee-voxels between two consecutive circles easily correspond to the absenteepixels between C Z (o, x i ) and C Z (o, x i + 1). For Case 2, the circle generated by p i+1 has radius x i+1 = x i + 1 and its plane lies one voxel apart w.r.t. the plane of the circle generated by p i . Hence, if these two are circles are projected on zx-plane, then the absentee-pixels lying between the projected circles have a correspondence with the absentee-voxels between the original circles.
For Case 3, we do not have an absentee, as the circles generated by p i and p i+1 have the same radius (x i = x i+1 ).
Hence, the count of absentee-voxels in H 
The above one-to-one correspondence between the absentees in the hemispherical surface for radius r = 10 and the absentees related to the disc of radius r = 10 is shown in Figure 2 . This oneto-one correspondence between the absentee set in H Z ∪ (r) and that in D Z ∪ (r) leads to the following theorem.
Theorem 3. The total count of absentee-voxels in H
Proof. Follows from Lemma 1 and Theorem 2.
On taking the reflection of H Z (r) about the zx-plane, we get the complementary hemisphere, namely H Z (r). The set H Z (r) ∪ H Z (r) is the sphere, S Z (r), corresponding to which we get double the count of absentee-voxels compared to that in H Z (r). Hence, we have the following theorem.
Theorem 4. The total count of absentee-voxels lying on S Z ∪ (r) is given by
Proof. Follows from Theorem 1 and Theorem 3.
Characterizing the Absentee Family
We use the following lemmas from [4, 5] for deriving the necessary and sufficient conditions to decide whether a given voxel is an absentee or not.
Lemma 2 (circle pixel [5] ). The squares of abscissae of the pixels with
is an absentee on the zx-plane if and only if i 2 lies in the integer interval J (r )
We have now the following theorem on the necessity and sufficiency for an absentee-voxel in S Z ∪ (r). Proof. Lemma 1 implies that when
r −k for some r ∈ Z + . What now remains to check is the condition for y-coordinate of p. Observe that there exists a circle C Z (c, r ) centered at c = (0, j, 0) on the hemisphere such that the the projection of C Z (c, r ) on zx-plane is the circle of radius r in D Z ∪ (r). Again p(i, j, k) and C Z (c, r ) lie on the same plane, i.e., y = j. Hence, the pixel (r , j) must lie on the generating circular arc, C r−j for some r ∈ {0, 1, 2, . . . , r}, then p ∈ H Z (r), wherefore p is an absentee.
An example of absentee-voxel is (2, 9, 4) in hemisphere of radius r = 10 ( Figure 2 ), since for k = 4, we have r = 4 for which v 2 , thereby making (3, 9, 4) a point on hemisphere of radius r = 10 at the plane y = 9.
To characterize the absentees as a whole, we use Lemma 3 for the expanded form of (the lower and the upper limits of) J
Hence, if p(i, 0, k) is a point in Octant 1 and lies on h th run of C Z 1 (r ), then
and if p(i, 0, k) is a point in Octant 1 and lies left of the (h + 1)
Equations 2 and 3 correspond to two parabolic regions in the real (zx-)plane on replacing i and k by x and z, respectively, h being considered as a constant. These open parabolic regions are given by P h,1 :
The respective suprema of these two regions are given by two parabolas, namely sup(P h,1 ) :
In 3D space, these two suprema correspond to two parabolic surfaces of translation, produced by translating sup(P h,1 ) and sup(P h,1 ) along y-axis, as shown in Figure 2c . Evidently, the absentees of H Z ∪ (r) in Octant 1 and Octant 8 lie in the half-open 3D parabolic region given by P h := P h,1 P h,1 for a given pair of k and h, i.e., for a given (r , k)-pair. The family of all the half-open 3D parabolic regions, P 0 , P 1 , P 2 , . . ., thus contains all the absentees H Z ∪ (r) in Octant 1 and Octant 8, as stated in the following theorem. 
Fixing the Absentee-Voxels
Algorithm 1 (AVH) shows the steps for fixing the absentee-voxels corresponding to the hemisphere H Z ∪ (r) having radius r. The generating curve, which is an input to this algorithm, is the circular arc, C Z 1,2 (r). This circular arc is a (ordered) sequence of points, {p t (i t , j t , 0) ∈ Z 3 : t = 1, 2, . . . , n r }, whose first point is p 1 (0, r, 0) and last point is p nr (r, 0, 0). The point p t+1 can have i t+1 either same as i t of the previous point p t or greater than i t by unity. For the former case, there is no absentee between the two circles generated by p t and p t+1 . For the latter, the absentees are computed by invoking the procedure ACC, as shown in Step 4 of Algorithm 1.
The procedure ACC finds the absentee-voxels between two concentric circles, C Z y=j (c, i) and C Z y=j (c, i + 1) of radii i and i + 1, each centered at (0, j, 0) on y = j plane. The set of all absentees between these two circles is denoted by A. As an absentee lies just after the end of a voxel-run corresponding to the interval I (r) r−j (Lemma 2), the procedure ACC first computes the voxel-run in the plane y = j (Steps 5-8). Then, in Step 9, it determines whether the next voxel is an absentee in Octant 1, using Lemma 3. For each absentee-voxel in Octant 1, the absentees in all other octants are included in A, as shown in Step 10. Figure 2(a) shows the hemisphere for r = 10, whose absentees (shown in red) have been fixed by Algorithm 1.
Absentees in a Solid Sphere
As mentioned earlier in Sec. 2, the absentee-voxels in a solid sphere S Z ∪ (r) can also be characterized using the set of disc absentees, A Z 2 (r). The set of voxels defining S Z ∪ (r) is given by the union of the voxel sets corresponding to the complete spheres of radii 0, 1, 2, . . . , r (Definition 7).
To find the absentees in S Z ∪ (r), we consider its lower (or upper) hemisphere, H Z ∪ (r). Threefourth of the upper hemisphere and the entire lower hemisphere of S Z ∪ (r) are shown in Figure 3a .
Observe that the set of voxels of H Z ∪ (r) lying in the 1st quadrant of xy-, yz-, or zx-plane is given by the union of voxels comprising those arcs of the complete spheres which lie in the 1st quadrant of the concerned plane. Hence, the above set of voxels is same as the subset of D Z ∪ (r) lying in this quadrant, or, the absentee-voxels in this quadrant are in one-to-one correspondence with the disc absentees in D Z ∪ (r) (Figure 2a) . The absentees in this quadrant are, however, characterized depending on the coordinate plane, as follows.
(AL) For each absentee p(i, 0, k) in the 1st quadrant of zx-plane, there are absentees in H Z ∪ (r), which comprise an absentee line, given by L
These absentee lines are shown in yellow in the lower hemisphere in Figure 3b . (AC) For each absentee p(i, j, 0) in the 1st quadrant of xy-plane, there are absentees in H Z ∪ (r), which comprise an absentee circle, given by C
These absentee circles, shown in red in the upper hemisphere in Figure 3b , pass through the absentees in the 1st quadrant of yz-plane.
Characterizing the Absentee Family
We characterize here the family of absentee-voxels comprising the absentee lines that comprising the absentee circles. For this, we need the following theorems on the necessity and sufficiency for an absentee belonging to an absentee line or an absentee circle in H Z ∪ (r). r −k , then p ∈ C Z (r ), or, p belongs to an absentee circle.
The absentee circles are characterized based on locations of their corresponding disc absentees on (real) xy-plane. The digital disc has eight octants. All the absentee circles corresponding to the disc absentees in Octant 1 include the disc absentees in Octant 8. Reflection of these absentee circles simply gives all the absentee circles corresponding to the disc absentees in Octant 4 (and 5), and hence the characterization of absentee circles corresponding to Octant 4 is very much similar to that corresponding to Octant 1. But the characterization of absentee circles corresponding to Octant 2 (and 7) is different and it can be used to obtain the characterization corresponding to Octant 3 (and 6) also. Hence, following are two theorems on characterization of absentee circlesone for Octant 1 and another for Octant 2. 
where,
such that P h,1 :
Proof. We use Theorem 8 for the expanded forms of the lower and the upper limits of J (r ) r −j . Using Lemma 3 and replacing r − j by h, we get
Hence, if p(i, j = r − h, 0) is a point on or inside C Z 1 (r ) but strictly inside C Z 1 (r + 1), then
Equation 9 corresponds to two open parabolic regions on the xy-plane, on replacing i and j by x and y respectively, h being considered as a constant. These open parabolic regions are given by P h,1 :
On rotating sup(P h,1 ) and sup(P h,1 ) about y-axis, we get two paraboloidal surfaces that enclose two open paraboloidal spaces given by Eqn. 7. Evidently, the absentee circles corresponding to the disc absentees in Octant 1 and Octant 8 lie in the half-open paraboloidal space P h,1 , given by Eqn. 6, for a given value of h(= r − j). Hence, the family F 1 of all these half-open paraboloidal spaces is given by Eqn. 5, which contains all the aforesaid absentee circles. An illustration is shown in Figure 4 for r = 10.
Theorem 10. All the absentee circles of S Z ∪ (r) corresponding to Octant 2 lie in
such that P h,2 :
Proof. In Octant 1, the parabolic regions containing the disc absentees have all their axes coinciding with y-axis. On the contrary, in Octant 2, the axes of the parabolic regions containing the disc absentees all coincide with x-axis. Hence, for each absentee (i, j) in Octant 2, j 2 ∈ J (r ) r −i . We use Theorem 8 as before, and using Lemma 3 and replacing r − i by h, we get
sup(P 0,1 
As explained in Theorem 9, Eqn. 15 corresponds to two open parabolic regions given by
The respective suprema of these two regions are two parabolas, namely sup(P h,2 ) : y 2 = (2h + 1)x + h 2 and sup(P h,2 ) : y 2 = (2h + 1)x + (h + 1) 2 . On rotating sup(P h,2 ) and sup(P h,2 ) again about y-axis, we get two paraboloidal surfaces that enclose two open paraboloidal spaces given by Eqn. 7. The absentee circles corresponding to the disc absentees in Octant 2 lie in the half-open paraboloidal space P h,2 , given by Eqn. 12, for a given value of h(= r − i). As in Theorem 9, the family F 2 , given by Eqn. 11, contains all the absentee circles corresponding to Octant 2. See Figure 4 for an illustration with r = 10.
Absentee Count
We first have the following lemma on the count of absentee lines and that of absentee circles. 2 ) , which implies that the count of disc absentees between C Z (r ) and C Z (r + 1) is Θ(r ). Hence, the count of absentee-voxels comprising all the absentee lines in (i,j) , which has radius i and lies on the plane y = j. Its symmetric absentee p (j, i, 0) corresponds to another absentee circle C Z 3 (j,i) , which has radius j and lies on the plane y = i. Voxel count of these two absentee circles is Θ(i) + Θ(j) = Θ(i + j), which is asymptotically same as the voxel count of C Z 3 (r ,r ,0) , where r = i + j. As explained above, the count of disc absentees between C Z (r ) and C Z (r + 1) is Θ(r ), and for each of these disc absentees, i + j = Θ(r ). Hence, the count of absentee-voxels comprising all the absentee circles in
On doubling the absentee count as obtained above for H Z ∪ (r), we get the count of all absentees in S Z ∪ (r) as Θ(r 3 ).
Fixing the Absentee Lines and Circles
Algorithm 2 (AVS) shows the steps for fixing the absentee lines and absentee circles corresponding to the solid sphere S Z ∪ (r) having radius r. For each disc absentee in Octant 1 on zx-plane, there are four or eight absentee lines, which are computed by invoking the procedure AbLine, as
Algorithm 2: (AVS) Fixing absentee-voxels in solid sphere
Input: Radius r of a solid sphere Output: Set of the absentees
shown in Step 14 of Algorithm 2. Again, for each disc absentee in Octant 1 and Octant 2 on xy-plane, there are two absentee circles-one for the upper hemisphere and another for the lower. These absentee circles are computed by invoking the procedure AbCircle, as shown in Step 15 of Algorithm 2. The procedure AbLine takes the coordinates (i a , k a ) of a disc absentee as input. It also takes a radius r as the third argument, such that (i a , k a ) lies between C Z (r) and C Z (r + 1). Based on these, it computes the voxels comprising the absentee lines L Z 3
(i a ,k a ) : {|i a |} ∪ {|k a |} = {i a , k a } . The procedure AbCircle requires only the coordinates (i a , j a ) of a disc absentee as input. If the disc absentee has i a = j a , then there arises one absentee circle with radius i a and center (0, j a , 0); otherwise, there are two absentee circles with radius i a and j a , and centered at (0, j a , 0) and (0, i a , 0), respectively. Procedure AbLine(i a , k a , r)
Test Results and Conclusion
We have implemented Algorithm 1 and Algorithm 2 to generate absentee-free spheres and solid spheres. Figure 5 shows (absentee-free) instances of a sphere and a solid sphere generated by Algorithm 1 for radius 20.
We have performed experiments to compute the exact counts of absentee-voxels and sphere voxels for increasing radius of spheres of revolution. Table 1 shows the counts of voxels in S Z ∪ (r), A Z 3 (r), and S Z (r), for r up to 10000. We have also plotted these counts against radius r in Figure 6 . These experimental results reinforce our analytical findings that all the three counts have a quadratic dependency on r. The relative counts of absentee-voxels corresponding to digital spheres of revolution for radius up to 10000 are tabulated in Table 2 and plotted in Figure 7 . In Table 2 , the relative count A Z 3 (r)/S Z (r) is denoted by α r . We observe from these data that with the increasing radius, the value of relative count for solid sphere tends to 0.058 approximately.
We have also generated through our experiments the exact counts of absentee-voxels and sphere voxels corresponding to solid spheres of revolution. The counts of voxels in S Z ∪ (r), A Z 3 (r), and S Z (r), for r up to 800, are shown in Table 3 and plotted in Figure 8 . Similar to the previous set of results, these experimental results also reinforce our analytical findings that all the three counts corresponding to the solid sphere have a cubic dependency on r. The relative counts of absenteevoxels corresponding to solid spheres of revolution for radius up to 800 are tabulated in Table 4 and plotted in Figure 9 . We observe from these data that with the increasing radius, the value of relative count tends to 0.101 approximately.
The above test results and their theoretical analysis indicate that the ratio of the absentee-voxels to the total number of voxels tends to a constant for large radius. The knowledge of geometric distributions of absentee-voxels is shown to be useful for an algorithmic construction of a digital sphere. Although an asymptotic tight bound for the count of absentees has been provided here, the determination of a closed-form solution of the exact count of absentees for a given radius, still remains an open problem. The characterization of these absentees requires further in-depth analysis, especially if we want to generate a solid digital sphere with a set of concentric digital spheres. Apart from spheres, the generation of various other types of surfaces that are devoid of any absentee-voxels, will also have many applications in 3D imaging and graphics, such as the 
